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1. Introduction
Throughout the paper, ϕ denotes a nonconstant analytic self-map of the unit disk D in the complex plane C.
Associated with ϕ is the composition operator Cϕ defined by Cϕf = f ◦ ϕ for f ∈ H(D), the class of all analytic
functions on D. It is well known that the composition operator Cϕ is bounded on the classical Hardy, Bergman and
Bloch spaces. The main subject in the study of composition operators is to describe operator theoretic properties of Cϕ
in terms of function theoretic properties of ϕ, see, for example, [3,12,17].
A function f ∈ H(D) is said to belong to the Bloch type space (or α-Bloch space), denoted by Bα = Bα(D), if
Bα(f ) = sup
z∈D
(
1 − |z|2)α∣∣f ′(z)∣∣< ∞.
The space Bα becomes a Banach space with the norm ‖f ‖Bα = |f (0)| + Bα(f ). Let Bα0 denote the subspace of Bα
consisting of those f ∈ Bα such that
lim|z|→1
(
1 − |z|2)α∣∣f ′(z)∣∣= 0.
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ply denoted by B. For 0 < α < 1, Bα can be identified with the analytic Lipschitz space Λ1−α (see, for example,
[5, Theorem 5.1] or [16]).
Denote by Z the class of all f ∈ H(D)∩C(D) such that
‖f ‖ = sup |f (e
i(θ+h))+ f (ei(θ−h))− 2f (eiθ )|
h
< ∞, (1)
where the supremum is taken over all eiθ ∈ ∂D and h > 0. From a theorem of Zygmund (see [5, Theorem 5.3]) and
the Closed Graph Theorem we see that f ∈Z if and only if supz∈D(1 − |z|2)|f ′′(z)| < ∞. It is easy to see that Z is a
Banach space under the norm ‖ · ‖Z , where
‖f ‖Z =
∣∣f (0)∣∣+ ∣∣f ′(0)∣∣+ sup
z∈D
(
1 − |z|2)∣∣f ′′(z)∣∣. (2)
We call Z the Zygmund space.
The little Zygmund space of D, denoted by Z0, is the closed subspace of Z consisting of functions f with
lim|z|→1
(
1 − |z|2)∣∣f ′′(z)∣∣= 0.
From (2) it is easy to obtain
∣∣f ′(z)− f ′(0)∣∣ C‖f ‖Z log 11 − |z|2 . (3)
The Bergman space, denoted by Ap = Ap(D), is the space of all analytic functions f on D such that∫
D
|f (z)|p dA(z) < ∞. The Dirichlet spaceDp =Dp(D) is the space of all analytic functions on D such that f ′ ∈ Ap
with the norm
‖f ‖pDp =
∣∣f (0)∣∣p +
∫
D
∣∣f ′(z)∣∣p dA(z).
Let 1 p < ∞, p 
= 2. From [7] we know that an operator T is a surjective isometry of Dp with respect to the norm
‖ · ‖Dp if and only if there is an automorphism φ of D and unimodular constants λ1 and λ2 such that
(Tf )(z) = λ1f (0)+ λ2
z∫
0
(
φ′(ξ)
)2/p
f ′
(
φ(ξ)
)
dξ (4)
for every f ∈Dp . Let Sp be the space of analytic functions f on D such that f ′ ∈ Hp . An operator T is a surjective
isometry of Sp under the norm
‖f ‖pSp =
∣∣f (0)∣∣p + ‖f ′‖pHp
if and only if there is an automorphism φ of D and unimodular constants λ1 and λ2 such that
(Tf )(z) = λ1f (0)+ λ2
z∫
0
(
φ′(ξ)
)1/p
f ′
(
φ(ξ)
)
dξ (5)
for every f ∈ Sp .
In view of (4) and (5) we see that composition operators and weighted composition operators naturally come from
the isometry of some function spaces in some senses. Motivated by (4) and (5), for g ∈ H(D), we define a linear
operator as follows
(
Cgϕf
)
(z) =
z∫
0
f ′
(
ϕ(ξ)
)
g(ξ) dξ.
The operator Cgϕ is called the generalized composition operator. When g = ϕ′, we see that this operator is essentially
composition operator, since the following difference Cgϕ − Cϕ is a constant. Therefore, Cgϕ is a generalization of the
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Recall that if X and Y are Banach spaces, L : X → Y is a linear operator, then L is said to be compact if for
every bounded sequence (xn) in X, the sequence (L(xn)) has a convergent subsequence. The operator L is said to be
weakly compact if for every bounded sequence (xn) in X, (L(xn)) has a weakly convergent subsequence, i.e., there is
a subsequence (xnm) such that for every Λ ∈ Y ∗, Λ(L(xnm)) converges. A useful characterization for an operator to
be weakly compact is the following Gantmacher’s theorem: L is weakly compact if and only if L∗∗(X∗∗) ⊂ Y, where
L∗∗ is the second adjoint of L (see, for example, [4]).
Some characterizations of the boundedness and compactness of the composition operator, as well as Volterra type
operator, on the Bloch type space and the Zygmund space can be found in [2,6,8–10,13–15].
The purpose of this paper is to study the boundedness and compactness of the generalized composition operator on
the Zygmund space and the Bloch type space and the little Bloch type space. We also study the weak compactness of
the generalized composition operator on the little Bloch type space.
Constants are denoted by C in this paper, they are positive and not necessarily the same in each occurrence. The
notation a  b means that there is a positive constant C such that a  Cb. We say that a  b if both a  b and b a
hold.
2. The boundedness and compactness of Cgϕ :Z →Bα
In this section, we characterize the boundedness and compactness of the generalized composition operator from
Zygmund spaces to Bloch type spaces. For this purpose, we start this section by stating some useful lemmas. By
standard arguments (see, for example, [3, Proposition 3.11]) the following lemma follows.
Lemma 1. Let 0 < α < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Let X = Z or Bα ; Y = Z or Bα . Then
C
g
ϕ : X → Y is compact if and only if Cgϕ : X → Y is bounded and for any bounded sequence (fk)k∈N in X which
converges to zero uniformly on D as k → ∞, we have ‖Cgϕfk‖Y → 0 as k → ∞.
Lemma 2. Assume that α > 0. A closed set K in Bα0 is compact if and only if it is bounded and satisfies
lim|z|→1 supf∈K
(
1 − |z|2)α∣∣f ′(z)∣∣= 0.
Remark. For α = 1, this lemma was proved in [10]. For the case of α 
= 1, see [11].
Now we are ready to state and prove the main results in this section.
Theorem 1. Let 0 < α < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then Cgϕ : Z → Bα is bounded if and
only if
K := sup
z∈D
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − |ϕ(z)|2 < ∞. (6)
Proof. Suppose that (6) holds. Then for arbitrary z ∈ D and f ∈Z , by (3) we have(
1 − |z|2)α∣∣(Cgϕf )′(z)∣∣= (1 − |z|2)α∣∣f ′(ϕ(z))∣∣∣∣g(z)∣∣
 C‖f ‖Z
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − |ϕ(z)|2 .
From this, (6) and since Cgϕf (0) = 0, it follows that Cgϕ :Z → Bα is bounded.
Conversely, assume that Cgϕ :Z → Bα is bounded. Let
h(z) = (z − 1)
[(
1 + log 1
1 − z
)2
+ 1
]
and put
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a
(
log
1
1 − |a|2
)−1
(7)
for any a ∈ D such that 1/√2 < |a| < 1. Then we have
f ′a(z) =
(
log
1
1 − az
)2(
log
1
1 − |a|2
)−1
and
f ′′a (z) =
2a
1 − az
(
log
1
1 − az
)(
log
1
1 − |a|2
)−1
,
which implies that
∣∣f ′′a (z)∣∣ 21 − |z|
(
C + log 1
1 − |a|
)(
log
1
1 − |a|2
)−1
 C
1 − |z|
for 1/
√
2 < |a| < 1 and sup1/√2<|a|<1 ‖fa‖Z < ∞. Therefore we have
∥∥Cgϕfϕ(a)∥∥Bα = sup
z∈D
(
1 − |z|2)α∣∣(Cgϕfϕ(a))′(z)∣∣ (1 − |a|2)α∣∣g(a)∣∣ log 11 − |ϕ(a)|2 .
This together with the Maximum Modulus Principle imply (6), completing the proof of the theorem. 
Theorem 2. Let 0 < α < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then Cgϕ :Z → Bα is compact if and only
if Cgϕ :Z → Bα is bounded and
lim|ϕ(z)|→1
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − |ϕ(z)|2 = 0. (8)
Proof. First assume that Cgϕ :Z → Bα is bounded and (8) holds. From the boundedness of Cgϕ with f (z) = z, we see
that
L := sup
z∈D
(
1 − |z|2)α∣∣g(z)∣∣< ∞.
Let (fk)k∈N be a sequence in Z such that supk∈N‖fk‖Z M and fk → 0 uniformly on compact subsets of D as
k → ∞. By (8) we have that for every ε > 0, there is a constant δ ∈ (0,1), such that δ < |ϕ(z)| < 1 implies
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − |ϕ(z)|2 < ε/M.
Let K = {w ∈ D: |w| δ}. By (3), we have∥∥Cgϕfk∥∥Bα = sup
z∈D
(
1 − |z|2)α∣∣f ′k(ϕ(z))g(z)∣∣
 sup
{z∈D: |ϕ(z)|δ}
(
1 − |z|2)α∣∣g(z)∣∣∣∣f ′k(ϕ(z))∣∣+ sup{z∈D: δ<|ϕ(z)|<1}
(
1 − |z|2)α∣∣g(z)∣∣∣∣f ′k(ϕ(z))∣∣
 L sup
w∈K
∣∣f ′k(w)∣∣+C‖fk‖Z sup{z∈D: δ<|ϕ(z)|<1}
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − |ϕ(z)|2
 L sup
w∈K
∣∣f ′k(w)∣∣+Cε.
By the Cauchy estimate, if (fk)k∈N is a sequence converging to zero on compact subsets of D, then the sequence
(f ′k)k∈N also converges to zero on compact subsets of D as k → ∞. In particular, since K is compact it fol-
lows that limk→∞ supw∈K |f ′k(w)| = 0. Using these facts and letting k → ∞ in the last inequality, we obtain that
lim supk→∞‖Cgϕfk‖Bα  Cε. Since ε is an arbitrary positive number it follows that the last limit is equal to zero.
Employing Lemma 1, the implication follows.
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compact subsets of D as |a| → 1 and f ′a(a) = log 11−|a|2 for each a ∈ D \ {0}. Let (zk)k∈N be a sequence in D such
that |ϕ(zk)| → 1 as k → ∞. We choose test functions (fk)k∈N defined by
fk(z) = ϕ(zk)z − 1
ϕ(zk)
[(
1 + log 1
1 − ϕ(zk)z
)2
+ 1
](
log
1
1 − |ϕ(zk)|2
)−1
. (9)
From the proof of Theorem 1 we see that supk∈N‖fk‖Z  C. Moreover, fk converges to zero uniformly on compact
subsets of D. Hence, in view of Lemma 1 it follows that ‖Cgϕfk‖Bα → 0, as k → ∞. Since∥∥Cgϕfk∥∥Bα = sup
z∈D
(
1 − |z|2)α∣∣(Cgϕfk)′(z)∣∣ (1 − |zk|2)α∣∣g(zk)∣∣∣∣f ′k(ϕ(zk))∣∣
= (1 − |zk|2)α∣∣g(zk)∣∣ log 11 − |ϕ(zk)|2 ,
we obtain limk→∞(1 − |zk|2)α|g(zk)| log 11−|ϕ(zk)|2 = 0, from which the result follows. 
Theorem 3. Let 0 < α < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then Cgϕ : Z → Bα0 is bounded if and
only if
lim|z|→1
(
1 − |z|2)α∣∣g(z)∣∣= 0 (10)
and
lim|ϕ(z)|→1
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − |ϕ(z)|2 = 0. (11)
Proof. Assume that (10) and (11) hold. By (11) we have that for every ε > 0 there exists r ∈ (0,1) such that
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − |ϕ(z)|2 < ε
when r < |ϕ(z)| < 1. From (10), there exists ρ ∈ (0,1) such that
(
1 − |z|2)α∣∣g(z)∣∣< ε/ log 1
1 − r2
when ρ < |z| < 1.
Therefore, when ρ < |z| < 1 and r < |ϕ(z)| < 1, we have that
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − |ϕ(z)|2 < ε. (12)
If ρ < |z| < 1 and |ϕ(z)| r , then
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − |ϕ(z)|2 <
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − r2 < ε. (13)
Combining (12) and (13), we obtain
lim|z|→1
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − |ϕ(z)|2 = 0. (14)
From this, by the Maximum Modulus Theorem and Theorem 1 the boundedness of Cgϕ : Z → Bα follows. For any
f ∈Z , in view of (3), we have
(
1 − |z|2)α∣∣(Cgϕf )′(z)∣∣C‖f ‖Z(1 − |z|2)α∣∣g(z)∣∣ log 11 − |ϕ(z)|2 .
By (14), it follows that Cgϕf ∈ Bα0 , for each f ∈ Z . Since Bα0 is a closed subset of Bα , we obtain Cgϕ(Z) ⊆ Bα0 .
Therefore Cgϕ :Z → Bα is bounded.0
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that condition (11) does not hold. If it were, then it would exist ε0 > 0 and a sequence (zk)k∈N ∈ D, such that
limk→∞|ϕ(zk)| = 1 and
(
1 − |zk|2
)α∣∣g(zk)∣∣ log 11 − |ϕ(zk)|2  ε0 > 0
for sufficiently large k. We may also assume that
1 − |ϕ(zk−1)|
2
> 1 − ∣∣ϕ(zk)∣∣, k ∈ N.
Then, for every nonnegative integer s there is at most one zk such that 1 − 12s  |ϕ(zk)| < 1 − 12(s+1) . Hence, there is
m0 ∈ N such that for any Carleson window
Q = {reiθ : 0 < 1 − r < l(Q), |θ − θ0| < l(Q)}
and s ∈ N, there are at most m0 elements in{
ϕ(zk) ∈ Q: 2−(s+1)l(Q) < 1 −
∣∣ϕ(zk)∣∣< 2−s l(Q)}.
Therefore, (ϕ(zk))k∈N is an interpolating sequence for B, in sense of [1].
By [1] we have some p ∈ B such that
p
(
ϕ(zk)
)= log 1
1 − |ϕ(zk)|2 , k ∈ N.
Let f (z) = ∫ z0 p(ξ) dξ. Then from the definition of Bloch functions and Zygmund functions, we see that f ∈ Z . We
obtain
(
1 − |zk|2
)α∣∣(Cgϕf )′(zk)∣∣= (1 − |zk|2)α∣∣g(zk)∣∣∣∣f ′(ϕ(zk))∣∣
= (1 − |zk|2)α∣∣g(zk)∣∣∣∣p(ϕ(zk))∣∣
= (1 − |zk|2)α∣∣g(zk)∣∣ log 11 − |ϕ(zk)|2
 ε0 > 0.
Since limk→∞|ϕ(zk)| = 1 implies that limk→∞|zk| = 1, from the above inequality we obtain that Cgϕf /∈ Bα0 , which
is a contradiction. 
Theorem 4. Let 0 < α < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then Cgϕ : Z → Bα0 is compact if and
only if
lim|z|→1
(
1 − |z|2)α∣∣g(z)∣∣ log 1
1 − |ϕ(z)|2 = 0. (15)
Proof. Suppose that Cgϕ : Z → Bα0 is compact. Then Cgϕ : Z → Bα0 is bounded, therefore by Theorem 3 we see that
(10) and (11) hold. By the proof of Theorem 3 we have that (15) holds.
Conversely, assume that (15) holds. From Lemma 2, we see that Cgϕ :Z → Bα0 is compact if and only if
lim|z|→1 sup‖f ‖Z1
(
1 − |z|2)α∣∣(Cgϕf )′(z)∣∣= 0. (16)
By (3) we have that
(
1 − |z|2)α∣∣(Cgϕf )′(z)∣∣ C‖f ‖Z(1 − |z|2)α∣∣g(z)∣∣ log 11 − |ϕ(z)|2 . (17)
Taking the supremum in (17) over the unit ball of the space Z, then letting |z| → 1, we obtain (16), from which the
compactness of Cgϕ :Z → Bα0 follows. 
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In this section, we characterize the boundedness and compactness of the operator Cgϕ on Zygmund spaces.
Theorem 5. Let ϕ be an analytic self-map of D and g ∈ H(D). Then Cgϕ :Z →Z is bounded if and only if
sup
z∈D
(1 − |z|2)|ϕ′(z)||g(z)|
1 − |ϕ(z)|2 < ∞ and supz∈D
(
1 − |z|2)∣∣g′(z)∣∣ log 1
1 − |ϕ(z)|2 < ∞. (18)
Proof. Assume that Cgϕ : Z → Z is bounded, i.e., there exists a constant C such that ‖Cgϕf ‖Z  C‖f ‖Z for all
f ∈Z . Taking the functions f (z) = z and f (z) = z2, respectively, we obtain
sup
z∈D
(
1 − |z|2)∣∣g′(z)∣∣< ∞ (19)
and
sup
z∈D
(
1 − |z|2)∣∣ϕ′(z)g(z)+ g′(z)ϕ(z)∣∣< ∞. (20)
Using these facts and the boundedness of the function ϕ(z), we get
sup
z∈D
(
1 − |z|2)∣∣ϕ′(z)∣∣∣∣g(z)∣∣< ∞. (21)
Let the function fa be defined by (7) for a ∈ D such that |a| > 1/2, we have
C
∥∥Cgϕ∥∥Z→Z 
∥∥Cgϕfϕ(λ)∥∥Z

(
1 − |λ|2)∣∣g′(λ)∣∣ log 1
1 − |ϕ(λ)|2 − 2
(1 − |λ|2)|ϕ′(λ)||g(λ)||ϕ(λ)|
1 − |ϕ(λ)|2 ,
that is
(
1 − |λ|2)∣∣g′(λ)∣∣ log 1
1 − |ϕ(λ)|2  C
∥∥Cgϕ∥∥Z→Z + 2 (1 − |λ|
2)|ϕ′(λ)||g(λ)||ϕ(λ)|
1 − |ϕ(λ)|2 . (22)
Set
ha(z) = h(a¯z)
a¯
(
log
1
1 − |a|2
)−1
−
z∫
0
log
1
1 − a¯w dw (23)
for a ∈ D such that |a| > 1/2. Then,
h′a(z) =
(
log
1
1 − a¯z
)2(
log
1
1 − |a|2
)−1
− log 1
1 − a¯z
and
h′′a(z) =
2a¯
1 − a¯z
(
log
1
1 − a¯z
)(
log
1
1 − |a|2
)−1
− a¯
1 − a¯z .
Similar to the case of fa , we have ha ∈ Z and M1 = sup1/2<|a|<1‖ha‖Z < ∞. From this and by using the facts that
h′a(a) = 0, h′′a(a) = a¯/(1 − |a|2), it follows that
C
∥∥Cgϕ∥∥Z→Z 
∥∥Cgϕhϕ(λ)∥∥Z  (1 − |λ|
2)|ϕ′(λ)||g(λ)||ϕ(λ)|
1 − |ϕ(λ)|2 . (24)
From (24), we have
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|ϕ(λ)|> 12
(1 − |λ|2)|ϕ′(λ)||g(λ)|
1 − |ϕ(λ)|2 < sup|ϕ(λ)|> 12
2
(1 − |λ|2)|ϕ′(λ)||g(λ)||ϕ(λ)|
1 − |ϕ(λ)|2
 sup
|ϕ(λ)|> 12
C
∥∥Cgϕ∥∥Z→Z < ∞. (25)
By (21), we see that
sup
|ϕ(λ)| 12
(1 − |λ|2)|ϕ′(λ)||g(λ)|
1 − |ϕ(λ)|2  sup|ϕ(λ)| 12
4
3
(
1 − |λ|2)∣∣ϕ′(λ)∣∣∣∣g(λ)∣∣< ∞. (26)
From (25) and (26) we obtain the first inequality of (18). Similarly, from (19) and (22), the second inequality in (18)
follows, as desired.
Conversely, assume that (18) holds. For a function f ∈Z , from (2) and (3) it follows that
(
1 − |z|2)∣∣(Cgϕf )′′(z)∣∣= (1 − |z|2)∣∣(f ′(ϕ)g)′(z)∣∣

(
1 − |z|2)∣∣ϕ′(z)∣∣∣∣g(z)∣∣∣∣f ′′(ϕ(z))∣∣+ (1 − |z|2)∣∣g′(z)∣∣∣∣f ′(ϕ(z))∣∣
 C (1 − |z|
2)|ϕ′(z)||g(z)|
1 − |ϕ(z)|2 ‖f ‖Z +C
(
1 − |z|2)∣∣g′(z)∣∣
(
log
1
1 − |ϕ(z)|2
)
‖f ‖Z .
In addition,
(
Cgϕf
)
(0) = 0 and ∣∣(Cgϕf )′(0)∣∣ C∣∣g(0)∣∣
(
log
1
1 − |ϕ(0)|2
)
‖f ‖Z .
Using these facts and (18) it follows that Cgϕ :Z →Z is bounded. 
Theorem 6. Let ϕ be an analytic self-map of D and g ∈ H(D). Then Cgϕ :Z →Z is compact if and only if Cgϕ :Z →Z
is bounded and
lim|ϕ(z)|→1
(1 − |z|2)|ϕ′(z)||g(z)|
1 − |ϕ(z)|2 = 0 and lim|ϕ(z)|→1
(
1 − |z|2)∣∣g′(z)∣∣ log 1
1 − |ϕ(z)|2 = 0. (27)
Proof. Suppose that Cgϕ :Z →Z is compact. Then it is clear that Cgϕ :Z →Z is bounded. Let (zk)k∈N be a sequence
in D such that |ϕ(zk)| → 1 as k → ∞. Let fk be defined by (9), then supk∈N‖fk‖Z < ∞ and fk → 0 uniformly on
compact subsets of D as k → ∞. Since Cgϕ :Z →Z is compact, it gives limk→∞‖Cgϕfk‖Z = 0. Note that
f ′k
(
ϕ(zk)
)= log 1
1 − |ϕ(zk)|2 , f
′′
k
(
ϕ(zk)
)= 2ϕ(zk)
1 − |ϕ(zk)|2 .
We have
∥∥Cgϕfk∥∥Z 
∣∣∣∣2(1 − |zk|
2)|ϕ′(zk)||g(zk)||ϕ(zk)|
1 − |ϕ(zk)|2 −
(
1 − |zk|2
)∣∣g′(zk)∣∣ log 11 − |ϕ(zk)|2
∣∣∣∣,
and consequently
lim|ϕ(zk)|→1
2(1 − |zk|2)|ϕ′(zk)||g(zk)||ϕ(zk)|
1 − |ϕ(zk)|2 = lim|ϕ(zk)|→1
(
1 − |zk|2
)∣∣g′(zk)∣∣ log 11 − |ϕ(zk)|2 (28)
if one of these two limits exists.
Next, set
hk(z) = h(ϕ(zk)z)
ϕ(zk)
(
log
1
1 − |ϕ(zk)|2
)−1
−
z∫
log3
1
1 − ϕ(zk)w
dw
(
log
1
1 − |ϕ(zk)|2
)−2
.0
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C
g
ϕ :Z →Z is compact, we have limk→∞‖Cgϕhk‖Z = 0. On the other hand,
(1 − |zk|2)|ϕ′(zk)||g(zk)||ϕ(zk)|
1 − |ϕ(zk)|2 
∥∥Cgϕhk∥∥Z .
Hence
lim
k→∞
(1 − |zk|2)|ϕ′(zk)||g(zk)||ϕ(zk)|
1 − |ϕ(zk)|2 = 0.
Therefore
lim|ϕ(zk)|→1
(1 − |zk|2)|ϕ′(zk)||g(zk)|
1 − |ϕ(zk)|2 = limk→∞
(1 − |zk|2)|ϕ′(zk)||g(zk)||ϕ(zk)|
1 − |ϕ(zk)|2 = 0. (29)
This together with (28) imply
lim|ϕ(zk)|→1
(
1 − |zk|2
)∣∣g′(zk)∣∣ log 11 − |ϕ(zk)|2 = 0.
The implication follows from the last two equalities.
Conversely, assume that Cgϕ :Z →Z is bounded and (27) holds. From the proof of Theorem 5 we have
C1 = sup
z∈D
(
1 − |z|2)∣∣g′(z)∣∣< ∞, C2 = sup
z∈D
(
1 − |z|2)∣∣ϕ′(z)∣∣∣∣g(z)∣∣< ∞. (30)
On the other hand, from (27) we have that for every ε > 0, there is a δ ∈ (0,1), such that
(1 − |z|2)|ϕ′(z)||g(z)|
1 − |ϕ(z)|2 < ε and
(
1 − |z|2)∣∣g′(z)∣∣ log 1
1 − |ϕ(z)|2 < ε, (31)
whenever δ < |ϕ(z)| < 1.
Assume that (fk)k∈N is a sequence in Z such that supk∈N‖fk‖Z  L and fk converges to 0 uniformly on compact
subsets of D as k → ∞. Let U = {z ∈ D: |ϕ(z)| δ}. Then by (30) and (31), it follows that
sup
z∈D
(
1 − |z|2)∣∣(Cgϕfk)′′(z)∣∣
 sup
z∈U
(
1 − |z|2)∣∣ϕ′(z)∣∣∣∣g(z)∣∣∣∣f ′′k (ϕ(z))∣∣+ sup
z∈U
(
1 − |z|2)∣∣g′(z)∣∣∣∣f ′k(ϕ(z))∣∣
+ sup
z∈D\U
(
1 − |z|2)∣∣ϕ′(z)∣∣∣∣g(z)∣∣∣∣f ′′k (ϕ(z))∣∣+ sup
z∈D\U
(
1 − |z|2)∣∣g′(z)∣∣∣∣f ′k(ϕ(z))∣∣
 C2 sup
z∈U
∣∣f ′′k (ϕ(z))∣∣+C sup
z∈D\U
(1 − |z|2)|ϕ′(z)||g(z)|
1 − |ϕ(z)|2 ‖fk‖Z
+C1 sup
z∈U
∣∣f ′k(ϕ(z))∣∣+C sup
z∈D\U
(
1 − |z|2)∣∣g′(z)∣∣
(
log
1
1 − |ϕ(z)|2
)
‖fk‖Z
 C2 sup
|w|δ
∣∣f ′′k (w)∣∣+C1 sup|w|δ
∣∣f ′k(w)∣∣+ 2Cε‖fk‖Z ,
i.e. we obtain
∥∥Cgϕfk∥∥Z =
∣∣f ′k(ϕ(0))∣∣∣∣g(0)∣∣+ sup
z∈D
(
1 − |z|2)∣∣(Cgϕfk)′′(z)∣∣
 C2 sup
|w|δ
∣∣f ′′k (w)∣∣+C1 sup|w|δ
∣∣f ′k(w)∣∣+ 2Cε‖fk‖Z + ∣∣f ′k(ϕ(0))∣∣∣∣g(0)∣∣.
The result follows by an argument analogous to that in the proof of Theorem 2. 
S. Li, S. Stevic´ / J. Math. Anal. Appl. 338 (2008) 1282–1295 12914. The boundedness and compactness of Cgϕ :Bα →Z
In this section, we consider the boundedness and compactness of Cgϕ : Bα(Bα0 ) → Z(Z0). Before this, we state
some useful lemmas.
Lemma 3. A closed set K in Z0 is compact if and only if it is bounded and satisfies
lim|z|→1 supf∈K
(
1 − |z|2)∣∣f ′′(z)∣∣= 0.
Proof. The proof is similar to the proof of Lemma 2 in [11], hence will be omitted. 
Lemma 4. Let 0 < α < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Suppose that X is a Banach space. Then
C
g
ϕ : Bα0 → X is compact if and only if Cgϕ : Bα0 → X is weakly compact.
Proof. It is well known that the dual space of Bα0 is isomorphic to the Bergman space A1, i.e. (Bα0 )∗ ∼= A1 (see [16]).
Assume that Cgϕ : Bα0 → X is compact. By a well-known theorem then this is equivalent to (Cgϕ)∗ : X∗ → A1 is com-
pact. Now recall that A1 has the Schur property, that is, every weakly convergent sequence in A1 is norm-convergent
(see, for example, [4, Theorem 12, p. 295]). Hence, this is equivalent to (Cgϕ)∗ : X∗ → A1 is weakly compact, which
is equivalent to Cgϕ : Bα0 → X is weakly compact. 
Theorem 7. Let 0 < α < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then the following statements are
equivalent.
(i) Cgϕ : Bα →Z is bounded;
(ii) Cgϕ : Bα0 →Z is bounded;
(iii)
sup
z∈D
(1 − |z|2)|ϕ′(z)||g(z)|
(1 − |ϕ(z)|2)α+1 < ∞ and supz∈D
(1 − |z|2)|g′(z)|
(1 − |ϕ(z)|2)α < ∞. (32)
Proof. (i) ⇒ (ii). This implication is obvious.
(ii) ⇒ (iii). Assume that Cgϕ : Bα0 →Z is bounded. As in the proof of Theorem 5 we have that (19) and (21) hold.
For w ∈ D, set fw(z) = 1−|w|2(1−wz)α . It is easy to check that fw ∈ Bα0 and C = supw∈D‖fw‖Bα < ∞. Hence, we have
C
∥∥Cgϕ∥∥Bα0 →Z 
∥∥Cgϕfϕ(λ)∥∥Z
 α(1 − |λ|
2)|g′(λ)||ϕ(λ)|
(1 − |ϕ(λ)|2)α −
α(α + 1)(1 − |λ|2)|ϕ′(λ)||g(λ)||ϕ(λ)|2
(1 − |ϕ(λ)|2)α+1 ,
that is
α(1 − |λ|2)|g′(λ)||ϕ(λ)|
(1 − |ϕ(λ)|2)α  C
∥∥Cgϕ∥∥Bα0 →Z +
α(α + 1)(1 − |λ|2)|ϕ′(λ)||g(λ)||ϕ(λ)|2
(1 − |ϕ(λ)|2)α+1 . (33)
Set
hw(z) = 1 − |w|
2
(1 −wz)α −
α
α + 1
(1 − |w|2)2
(1 −wz)α+1 .
Then hw ∈ Bα0 , for each w ∈ D and C := sup|w|<1‖hw‖Bα < ∞. Since h′w(w) = 0 and |h′′w(w)| = (α|w|2)/
(1 − |w|2)α+1, we have that
C
∥∥Cgϕ∥∥Bα→Z 
∥∥Cgϕhϕ(λ)∥∥Z  α(1 − |λ|
2)|ϕ′(λ)||g(λ)||ϕ(λ)|2
2 α+1 . (34)0 (1 − |ϕ(λ)| )
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sup
|ϕ(λ)|> 12
(1 − |λ|2)|ϕ′(λ)||g(λ)|
(1 − |ϕ(λ)|2)α+1 < sup|ϕ(λ)|> 12
4
(1 − |λ|2)|ϕ′(λ)||g(λ)||ϕ(λ)|2
(1 − |ϕ(λ)|2)α+1
 sup
|ϕ(λ)|> 12
C
∥∥Cgϕ∥∥Bα0 →Z < ∞. (35)
By (21), it follows that
sup
|ϕ(λ)| 12
(1 − |λ|2)|ϕ′(λ)||g(λ)|
(1 − |ϕ(λ)|2)α+1  sup|ϕ(λ)| 12
(
4
3
)α+1(
1 − |λ|2)∣∣ϕ′(λ)∣∣∣∣g(λ)∣∣< ∞. (36)
From (35) and (36) we obtain the first inequality in (32). Similarly, the second inequality in (32) follows from (19)
and (33), as desired.
(iii) ⇒ (i). Assume that (32) holds. For any f ∈ Bα ,
(
1 − |z|2)∣∣(Cgϕf )′′(z)∣∣ (1 − |z|2)∣∣ϕ′(z)∣∣∣∣g(z)∣∣∣∣f ′′(ϕ(z))∣∣+ (1 − |z|2)∣∣g′(z)∣∣∣∣f ′(ϕ(z))∣∣
C (1 − |z|
2)|ϕ′(z)||g(z)|
(1 − |ϕ(z)|2)α+1 ‖f ‖Bα +
(1 − |z|2)|g′(z)|
(1 − |ϕ(z)|2)α ‖f ‖Bα . (37)
In addition, |(Cgϕf )′(0)|  |g(0)|(1 − |ϕ(0)|2)−α‖f ‖Bα . From this and (32) it follows that Cgϕ : Bα → Z is
bounded. 
Theorem 8. Let 0 < α < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then the following statements are
equivalent.
(i) Cgϕ : Bα →Z is compact;
(ii) Cgϕ : Bα0 →Z is compact;
(iii) Cgϕ : Bα →Z is bounded and
lim|ϕ(z)|→1
(1 − |z|2)|ϕ′(z)||g(z)|
(1 − |ϕ(z)|2)α+1 = 0 and lim|ϕ(z)|→1
(1 − |z|2)|g′(z)|
(1 − |ϕ(z)|2)α = 0. (38)
Proof. (i) ⇒ (ii). This is clear.
(ii) ⇒ (iii). From the assumption, it is clear that Cgϕ : Bα0 →Z is bounded, which in view of Theorem 7 is equivalent
to Cgϕ : Bα →Z is bounded. Let (zk)k∈N be a sequence in D such that |ϕ(zk)| → 1 as k → ∞. Let fk(z) = 1−|ϕ(zk)|2
(1−ϕ(zk)z)α ,
k ∈ N. Then fk ∈ Bα0 , supk∈N‖fk‖Bα < ∞ and fk → 0 uniformly on compact subsets of D as k → ∞. Since Cgϕ :
Bα0 →Z is compact, it gives limk→∞‖Cgϕfk‖Z = 0. We have
∥∥Cgϕfk∥∥Z 
∣∣∣∣α(α + 1)(1 − |zk|
2)|ϕ′(zk)||g(zk)||ϕ(zk)|2
(1 − |ϕ(zk)|2)α+1 −
α(1 − |zk|2)|g′(zk)||ϕ(zk)|
(1 − |ϕ(zk)|2)α
∣∣∣∣,
and consequently
lim|ϕ(zk)|→1
(α + 1)(1 − |zk|2)|ϕ′(zk)||g(zk)||ϕ(zk)|
(1 − |ϕ(zk)|2)α+1 = lim|ϕ(zk)|→1
(1 − |zk|2)|g′(zk)|
(1 − |ϕ(zk)|2)α (39)
if one of these two limits exists.
Next, set
hk(z) = 1 − |ϕ(zk)|
2
α
− α (1 − |ϕ(zk)|
2)2
α+1 . (40)(1 − ϕ(zk)z) α + 1 (1 − ϕ(zk)z)
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C
g
ϕ : Bα0 →Z is compact, we have limk→∞‖Cgϕhk‖Z = 0. On the other hand, we have that
α(1 − |zk|2)|ϕ′(zk)||g(zk)||ϕ(zk)|2
(1 − |ϕ(zk)|2)α+1 
∥∥Cgϕhk∥∥Z .
Therefore
lim|ϕ(zk)|→1
(1 − |zk|2)|ϕ′(zk)||g(zk)|
(1 − |ϕ(zk)|2)α+1 = limk→∞
(1 − |zk|2)|ϕ′(zk)||g(zk)||ϕ(zk)|2
(1 − |ϕ(zk)|2)α+1 = 0. (41)
This together with (39) imply
lim|ϕ(zk)|→1
(1 − |zk|2)|g′(zk)|
(1 − |ϕ(zk)|2)α = 0.
The result follows from the last two equalities.
(iii) ⇒ (i). The proof is similar to the proof of Theorem 6, hence we omit it. 
Theorem 9. Let 0 < α < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then Cgϕ : Bα0 → Z0 is bounded if and
only if Cgϕ : Bα0 →Z is bounded and
lim|z|→1
(
1 − |z|2)∣∣ϕ′(z)g(z)∣∣= 0 and lim|z|→1
(
1 − |z|2)∣∣g′(z)∣∣= 0. (42)
Proof. Suppose that Cgϕ : Bα0 → Z0 is bounded, then Cgϕ : Bα0 → Z is bounded. By taking the functions given by
f (z) = z and f (z) = z2, and employing the boundedness of Cgϕ : Bα0 →Z0, (42) follows.
Conversely, assume that Cgϕ : Bα0 →Z is bounded and (42) holds. Then for each polynomial p(z), we have(
1 − |z|2)∣∣(Cgϕp)′′(z)∣∣ (1 − |z|2)∣∣p′(ϕ(z))∣∣∣∣g′(z)∣∣+ (1 − |z|2)∣∣p′′(ϕ(z))∣∣∣∣ϕ′(z)g(z)∣∣
 ‖p′‖∞
(
1 − |z|2)∣∣g′(z)∣∣+ ‖p′′‖∞(1 − |z|2)∣∣ϕ′(z)g(z)∣∣.
From (42) it follows that for each polynomial p, Cgϕ(p) ∈Z0. The set of all polynomials is dense in Bα0 , thus for every
f ∈ Bα0 there is a sequence of polynomials (pk)k∈N such that ‖pk − f ‖Bα → 0 as k → ∞. In view of Theorem 7, the
operator Cgϕ : Bα →Z is bounded, thus it follows that∥∥Cgϕpk −Cgϕf ∥∥Z 
∥∥Cgϕ∥∥‖pk − f ‖Bα → 0, as k → ∞.
Hence Cgϕ(Bα0 ) ⊂Z0, since Z0 is a closed subset of Z. 
Theorem 10. Let 0 < α < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then the following statements are
equivalent.
(i) Cgϕ : Bα →Z0 is bounded;
(ii) Cgϕ : Bα0 →Z0 is compact;
(iii) Cgϕ : Bα0 →Z0 is weakly compact;
(iv) Cgϕ : Bα →Z0 is compact;
(v)
lim|z|→1
(1 − |z|2)|ϕ′(z)||g(z)|
(1 − |ϕ(z)|2)α+1 = 0 and lim|z|→1
(1 − |z|2)|g′(z)|
(1 − |ϕ(z)|2)α = 0. (43)
Proof. (i) ⇒ (ii). Clearly Cgϕ : Bα0 → Z0 is bounded. By using standard duality arguments and the fact that Bα0 is
weak-star dense in Bα , it follows that Cgϕ = (Cgϕ)∗∗ on Bα. Hence (Cgϕ)∗∗(B∗∗0 ) = Cgϕ(Bα) ⊂ Z0. By Gantmacher’s
Theorem it follows that Cgϕ : Bα0 →Z0 is compact.
(iv) ⇒ (i). This implication is obvious.
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(v) ⇒ (iv). Taking the supremum in (37) over all f ∈ Bα such that ‖f ‖Bα  1, then letting |z| → 1, we obtain
lim|z|→1 sup‖f ‖Bα1
(
1 − |z|2)∣∣(Cgϕf )′′(z)∣∣= 0.
From this and Lemma 3 it follows that Cgϕ : Bα →Z0 is compact.
(iv) ⇒ (ii). This is obvious.
(ii) ⇒ (v). Clearly Cgϕ : Bα0 →Z is compact and hence (38) holds. Since Cgϕ : Bα0 →Z0 is compact, then it is clear
that Cgϕ : Bα0 →Z0 is bounded. By taking f (z) = z and f (z) = z2, we obtain (42). From (42) and (38), similar to the
proof of Theorem 3, we obtain (43), as desired. 
5. The boundedness and compactness of Cgϕ :Bα →Bβ
By modifying the proofs of Theorems 7–10, we can obtain the following results. The proofs of the following
theorems will be omitted.
Theorem 11. Let 0 < α,β < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then the following statements are
equivalent.
(i) Cgϕ : Bα → Bβ is bounded;
(ii) Cgϕ : Bα0 → Bβ is bounded;
(iii)
sup
z∈D
(1 − |z|2)β |g(z)|
(1 − |ϕ(z)|2)α < ∞. (44)
Theorem 12. Let 0 < α,β < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then the following statements are
equivalent.
(i) Cgϕ : Bα → Bβ is compact;
(ii) Cgϕ : Bα0 → Bβ is compact;
(iii) Cgϕ : Bα → Bβ is bounded and
lim|ϕ(z)|→1
(1 − |z|2)β |g(z)|
(1 − |ϕ(z)|2)α = 0. (45)
Theorem 13. Let 0 < α,β < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then Cgϕ : Bα0 → Bβ0 is bounded if
and only if Cgϕ : Bα0 → Bβ is bounded and
lim|z|→1
(
1 − |z|2)β ∣∣g(z)∣∣= 0. (46)
Theorem 14. Let 0 < α,β < ∞, g ∈ H(D) and ϕ be an analytic self-map of D. Then the following statements are
equivalent.
(i) Cgϕ : Bα → Bβ0 is bounded;
(ii) Cgϕ : Bα0 → Bβ0 is compact;
(iii) Cgϕ : Bα0 → Bβ0 is weakly compact;
(iv) Cgϕ : Bα → Bβ0 is compact;
(v)
lim|z|→1
(1 − |z|2)β |g(z)|
(1 − |ϕ(z)|2)α = 0. (47)
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